Abstract. In this note, by a careful reading of [2] , an uncountable set of rank 8 = 2 3 ACM bundles on a general hypersurface Xr of degree at least 3 in P 4 is found. In [3] all rank 2 ACM's are showed to be rigid on the quintic X5, and positive dimensional families of rank 4 ACM's can be constructed by mean of extensions of rank 2 ones. So naturally arise the question on the rank 3 case.
Introduction
In [6] we gave a list of the possible invariants of a rank 2 arithmetically Cohen Macaulay bundle on some complete intersection Calabi Yau threefolds and in [3] we showed the rigidity of these bundles on a general quintic hypersurface in P 4 . This result together with a well known existence result (see [2] ) of a positive dimensional family of ACM bundles on any smooth hypersurface of degree at least 3 in P 4 leads to the following natural question:
Minimum rank question. Which is the minimum rank of ACM bundles varying in a positive dimensional family on a general quintic threefold?
The ACM bundles constructed in [2] are in bijective correspondence with the points of a projective cubic hypersurface if r = 3 and the points of a projective space if r ≥ 4. We show the following:
Main Theorem. For a general hypersurface X r ⊂ P N the rank of the bundles constructed in [2] is equal to 2 N −1 .
Let us remark for 3-dimensional Fano hypersurfaces this bound is very far from the minimum one which is well known to be equal to 2. On the other hand by a standard computation of the extensions Ext 1 (E, F ), where E and F are two rank 2 ACM bundles on X 5 we give examples of positive dimensional family of rank 4 ACM bundles on it, provided both E and F exist. Also we will give some examples of rigid rank 3 ACM bundles.
Notations
We denote by X r ⊂ P 4 C a smooth hypersurface of degree r. A vector bundle on X r is an algebraic vector bundle. If F is a sheaf on X r we define h i (F ) := dim H i (X, F ). When Pic(X) ∼ = Z, we use this isomorphism to identify line bundles with integers. In particular, for any vector bundle E, using this isomorphism, we set c 1 (E) = c 1 ∈ Z and we will write E(n) for E ⊗ O X (n). We define b(E) = b = max{n | h 0 (E(−n)) = 0}. Note that the number 2b − c 1 is invariant by twisting i.e 2b − c 1 = 2b(E(n)) − c 1 (E(n)), ∀n ∈ Z. If b = 0, as remarked in [5] Remark 1.0.1, E has a global section whose zero-locus has codimension 2. When b = 0 E is called "normalized". Let us recall the following:
Definition. An indecomposable rank k vector bundle E on a smooth projective threefold X ⊂ P N with Pic(X) ∼ = Z generated by the class of an hyperplane section O X (H), is called a "ACM bundle" if h i (X, E(n)) = 0 for any i = 1, 2 and for any n ∈ Z, where E(n) = E ⊗ O X (nH).
The rank computation
In this section we compute the rank of the bundles constructed in [2] on any smooth projective hypersurface of degree r ≥ 3 in P N for a generic choice of the hypersurface. Our remark is mainly contained in the proof of Theorem C in [2] . Let us recall the following (see [4] and [2] ):
Lemma 2.1. Let P be a regular local ring with maximal ideal m, and f ∈ m a non zero element and let R be the hypersurface ring P/(f ). There exists a bijection between:
1. the set of equivalence classes of reduced matrix factorization of f over P ; 2. 
. The set of ideals as in previous proposition is set theoretically in bijective correspondence with the points of either a projective N-space or a cubic (N-1)-dimensional projective hypersurface.
By all above and by Remarks 2 and 3 in [2] (see pg.175), it follows the following: Theorem 2.3. Let X be a general quintic hypersurface in P 4 . Then the rank of the family of ACM bundles on X, whose existence is ensured by previous proposition, is equal to 8. Remark 2.4. As remarked, the previous theorem holds for any general hypersurface of degree bigger than or equal to 3 in any N-space, being in this case the rank equal to 2 N −1 . In next section we will show that the rank of these bundles is not the minimum one for the quintic threefold.
Other examples
In this section we construct some examples of positive dimensional families of isomorphism classes of ACM bundles of rank 4 and we made the question if 4 is the minimum rank for a positive dimensional family of ACM's on the quintics threefold. We also give example of rank 3 ACM bundles on the quintic threefold, unfortunately, in this case, we are able to construct only rigid rank 3 ACM bundles.
The construction is given by extensions of rank 2 ACM bundles on the quintic. We will consider extensions of type
where F and F ′ are rank 2 ACM bundles on the quintic. The dimension of the family of such extensions is given by the dimension of P(Ext 1 (F ′ , F )), and hence by the dimension of the group P(H 1 (F ⊗ F ′ ∨ )). This computations can be easy checked by Schubert computer package, for example. Example 3.1. Let F ′ and F be the bundles associated to a 2-subcanonical curve of degree 14 and to a curve of genus 31 and degree 20, respectively. Suppose both F ′ and F exist on the quintic threefold. Consider the exact sequence
By a standard calculation (performed by the computer package Schubert, for example) we find that χ(
, and hence G is an element of a family of rank 4 ACM bundles of dimension at least 16 on the quintic. Clearly, by the long exact sequence of cohomology, G has no intermediate cohomology being so F (1) and F ′ . To show that G is not split we argue as follows. To the contrary assume G splits. Then we have to possibilities: a) G splits as a direct sum of a line bundle and an ACM rank 3 bundle, b) G splits as a direct sum of two rank 2 ACM bundles. We claim that both cases can not occur. Clearly in case b) if G = F ′′ ⊕ F ′′′ then for reason of Chern classes F ′′ = F (1) and F ′′′ = F ′ , which is absurd since the extension can be choosed to be not trivial. In case a) the argument is almost the same. Infact, if G ∼ = O X (a) ⊕ F ′′ , with F ′′ a rank 3 ACM bundle, then we have a map O X (a) → F ′ and since F ′ is stable and normalized then a ≤ 0 and hence the cokernel of the map F → F ′′ is given by O X (a) and one gets
with F ′′ ACM of rank 2. Next, by a Chern classes computation on gets 2a + 4 = 7 which is absurd. We remark G is unstable since c 1 (F (1))/2 = 5/2 > c 1 (G)/4 = 7/4. Remark 3.2. The construction of previous example strongly depend on the existence of rank 2 ACM bundles on the quintic threefold. For this reason we offer the following:
Conjecture. There are no ACM bundles of rank k ≤ 7 on a general hypersurface X r ⊂ P 4 of degree r ≥ 6.
Next we give an example of an ACM rank 3 bundle on the quintic; unfortunately such a construction produces only bundles that are infinitesimally rigid. 0 (E(n)) = 0 for any n < 0 and since it is globally generated the map H 0 (O 5 X (n)) → H 0 (E(n)) surjects for any n ≥ 0 and hence h 1 (K(n)) = 0 for any n ∈ Z. It is clear that also h 2 (K(n)) = 0 for any n ∈ Z. Let us remark that K is unstable and is not split. To the contrary, if K splits, then K ∼ = O X (a) ⊕ F where F is a rank 2 ACM on the quintic. Since E is normalized a = 0 and hence, for reason of Chern classes c 1 (F ) = −c 1 (E) = −3 which is absurd. To show that K is infinitesimally rigid we have to show that h 1 (End K) = 0, i.e h 1 (K ⊗ K ∨ ) = 0. Starting with the above exact sequence tensorized by K ∨ we obtain the following exact sequence 
the vanishing of the group H 1 (E ⊗ K ∨ ) is then equivalent to the vanishing of the group H 2 (E ⊗ E ∨ ). Since, by Serre duality, this vanishing is equivalent to the vanishing of the group H 1 (End E), we are done, since as we showed any rank 2 ACM bundles on the quintic threefold is infinitesimally rigid.
Remark 3.4. The argument and the construction of previous example seems to be very general, and hence one can construct in the same way many examples of higher rank ACM bundles. Only to quote a little, starting with a rank 2 ACM bundle as in 7. of the classification list given in [6] , and arguing as in previous example, one gets a rank 8 ACM bundle on the quintic with some given invariants. As recalled, the existence of rank 2 ACM bundles as above follows by [1] .
